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In the theory of sound, the solution of different problems of diffraction
of sound waves at an obstacle (plane, lattice, slot, cylinder, sphere,
ellipsoid, etc.) are studied. In this paper, the author applies the
Poincaré [ 1 ] method, and presents a new solution to the problem.

1. Statement of the problem. From the theory of sound, it is known
that in the case of harmonic motion with a time factor e'°‘ the velocity
potential of the sound waves satisfies the Poisson equation
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and the boundary condition at the surface of the object
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Here ¢ is the speed of sound, A is the wavelength, and n is the
interior normal to the surface 2. A solution of Equation (1.1) is sought
in the form

+7 (1.3)

Here, the first term represents the velocity potential of the
spherical waves emanating from the source E, r” is the distance of the
studied point ¥ from the source E, and the second term is a function of
the disturbance caused by the waves reflected from the surface 2. Func-
tion f is determined from the relation

r=\{e 8_1:“2 ds (1.4)
z

536



Diffraction of (short) sound waves at an obstacle 537

where p. is the density of the potential sources of the reflected waves at
the surface X, and R is the distance between an arbitrary point of the
surface 3 and the studied point M where the velocity potential ® is de-
termined (Fig. 1).

The theory of the Newtonian potential for a straight acoustic layer is
applied here for the determination of p at the surface 3. It is known
that the normal component velocity, when
passing through the surface X, undergoes a

£ r
discontinuity [ 2], i.e.
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where aveﬁan is the exterior normal deri-
vative of the potential of the acoustic
layer, and avo/an is the direct value of
the normal derivative at a point of the
surface 3. Fig. 1.

For the problem studied, condition (1.5) has the following form:
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Here r is the distance of the source E from a fixed point of the sur-
face X, and R” is the distance between the fixed and the variable point
of the surface 2. The symbol i denotes the angle between r and the
interior normal to the surface X at the point where r is determined.

Thus, in order to determine the function f, it is above all necessary
to solve the integral equation (1.6) for different obstacle surfaces 2.

2. Solution of the integral equation for a cylindrical obstacle.
Assume that there is an infinite eylindrical tube with a cross-sectional
radius a. Outside the cylindrical tube, at a distance ! from the axis of
the cylinder, there exists a sound source E with a constant intensity IO'

Two planes containing F and tangent to the surface of the cylinder
are formed. The part of the surface closer to the source E will be de-
noted by (C), the other part of the surface X is denoted by (X — 0)
(Pig. 2).

We shall prove the following statement. With an accuracy up to terms
of the order 1/ka in comparison to unity, the density p, which satisfies
Equation (1.6), is given by the formula
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A ! \ | For the derivation of Formula
T 9; 1} @j (2.1), we take a point 4 at the sur-
ﬁ'/ face (C). For thils point, we find the
second term of the left part of
X’
Fig. 2. Formula (1.6).

Using a change of variables in
the integrand of (1.6) and after s simple transformation, the integral
(1.6) reduces to the following form:
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We shall show that this integral (2.3) is small as compared to ka,
and can, therefore, be neglected. For this purpose, we use the Poincaré
method, i.e, the following formula for the determination of an approxi-
mate value of the double integral:

S S n (@, y) gke = 9 go 1(0.0) £iE® (0, 0) __,2_:,‘____ exp (:f: i}i) (2.4)
EYvp 2
Here v = o, Y p = w,” the plus sign is used when v > 0 and pu > 0,

and the minus sign is used when v < 0 and p < 0. The application of
Formula (2.4) to (2.3) yields
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By neglecting this integral in comparison to ks, we obtain from
Formula (1.6) Formula (2.1). In order to prove the statement (2.2) at
the surface (= — C), we show that
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Let us choose a point B on the z//0 g 1
(5-€) (AN
surface (X — C) and connect it with N/ X
point E by a straight line EB which ¥ A

intersects the surface of the .
cylinder 3 at point A(4 < C) (Fig.3). Fig. 3.
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Let us construct confocal ellipsoids
of revolution with foci at points E and B. Then one of them will neces-
sarily be tangent to the surface of the cylinder. This point lies at the
part of the surface (2 — C) where p = 0.

The equation of the surface of the cylinder in the coordinate system
Axiy,z, (axis Ay || Oy lies on X, and axis Ax; | y Az, where Az; coincides
with the exterior normal at point A of the surface %) has the form

212 -+ 23t + 2az; =0 (2.6)

Instead of Ax,y,z; let us take another system of coordinates Azyz
(axis Az coincides with the Az,-axis, axis Ay coincides with the projec-
tion of the line EB onto the tangent plane at the point A of the surface
3, and the axis Ax is perpendicular to the plane z4y).

Then the equation of the surface of the cylinder in the coordinate
system Axyz has the form

(xsinf34-ycosB)2+ 22+ 20z =0 2.7

where 3 is the angle between the axes Ay, and Ay,

Then the distances of the points E and B from the arbitrary variable
point M on the surface 3 are given by

r?=EM? = z® + (y 4+ rpcos a)? 4 (z — ro sin a)2

R'2=BM? = 2%+ (y— rocos a)? - (z - ry sin a)? 28

where x, y, z are the coordinates of point ¥, ro = EA, Ry = AB and a is
the angle between the line EA and the tangent plane at point A of the
cylinder surface 3.

By expanding r and R’ into a Taylor series and taking into account
Formula (2.7) we find R*-+ r in the form
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Then, on the basis of Formulas (2.1), (2.4) and (2.8), the double
integral in (1.6) is equal to
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Consequently, we have for the point B: Ro + rp =T, After omitting
the index B at cos ¢, we have
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Thus, the validity of Formula (2.5) is proven., Therefore, at the sur-
face of the cylinder (% - C), we have p =

3. Determination of the function f for a cylindrical obstacle. Here,
the following assumptions have been made:

Two tangent planes running from point E to the surface of the cylinder
divide the space into three regions. Region I is enclosed between the
tangent planes and the (C) part of
the surface, region II is enclosed
between the tangent planes and the
(2 -~ C) part of the surface, region
III is the remaining part of the
space, (Fig. 4).

I. Assume that the studied point
M lies in region I or in region III.
Choose the origin 4 of a moving co-
ordinate system Axyz., Construct con- &
focal ellipsoids of revolution with
foci at points E and M. Then one of them will be tangent to the surface
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(C) and the other will touch the surface (3 - C). It is interesting to
look at the case when point A lies on the surface (C), since p = 0 on
G- 0.

We draw two lines AE and AM from point A4, which are equally inclined
at an angle a to the tangent plane at point A of the surface .

Then the plane EAM passes through the normal OlA to the surface 2. Let
us use the coordinate system Axyz (Fig. 4). An expansion of R+ r into a
Taylor series yields

®r14 1 2sinasin?
Rebr=FRotnt | grtoet — et |+ 1)

¥ I, 1 1 2sin o cos? B
[ e (g +75) + S

On the basis of Formulas (1.4), (2.1), (2.4) and (3.1), the function
f is determined as follows:
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The problem is analysed with an accuracy up to terms of the order
1/ka as compared to unity, i.e. 1 << kq. Since g < rg. then 1 << ka < kr.
Thus, we have
1 - ikro — 210 __ tkry —2mi
21r k= 2mr, K

=1

Consequently
BB 2sin a sin?
f = cos e iK(Ro 1) {(—"R —-a—B> X

- 1 1 25m a cos2 —
X [snn- o <R—0 -+ o) B :]} (3.2)

Since cos i, = cos(1/2 m + a) = sin a we obtain



542 P.I. Tsoi

e—ik(Rotre) aVsina

/ P et T/ 2Ryrgs nasin?B 28 c0s* B 3-3)
V (et =R ) (asin e+ =50550)

Using this, one can write Equation (1.1), taking into account the time

factor eiat and the sound source intensity Io,in the following form:
Alal=kr) Hot—ERo—kTo)
RSN - —Iyp Ro - 1o (3.5)

I1I. Now we shall find function f,
and consequently function @, when
v point M lies in region II (Fig. 5).

We shall show that region II is a
sound shadow region.

The line EA intersects the surface
2 at two points. Let us take a point
A that lies on the (C) part of the
cylinder surface. Then relative to this moving point we construct a co-
ordinate system A xyz, as shown in Fig., 5. An expansion of R+ r into a
Taylor series yields then

a? 1 1 y: 1 1y .
R4-r=Ry4 ro+ - \TO -+ —r—9> -4~ 5 (-ﬁ; -}- —r:> sin®a 4 - -- (3.6)

On the basis of Formulas (1.4), (2.1), (2.4) and (3.6) function f be-
comes
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Here, we assume that Bo + rg= r’ for the studied point M. The solu-
tion of Equation (1.1) then becomes

Atot—kr) Glal—k)
D=1,- —1, y == 0 3.8)
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Thus, one can apply with an accuracy up to the order 0(1/ka) the
approximate asymptotic formulas (3.5) and (3.8) for the computation of
the velocity potential for short sound waves in the case of a cylindrical
obstacle.
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Fig. 6.

4. Solution of Equation (1.1) in the case of various obstacles. When
applying Sections 2 and 3 of this paper to various obstacles, we obtain
outside the shadow region

e‘l(cl—kr') ei(ot—kR.,—k)‘o)
— pl
r’ Plo Ry-+ 1y

®= 1, (4.1)
where p is determined as follows:

For a sphere (Fig. 6)

Vsin o

p = ‘/( i _2H0r0 <1 2Rqry A >
S e + a(Ro-ro), T a (Ro+ ro) sma

For a cone (Fig. 7) in regions I and II, respectively

(4.2)

. 2Rgrosin B cos? B\—" 3

p=0, p=sinf <1 -+ m/) (4.3)
For a plane (Fig. 8)

p=sinf (4.4)

In the shadow region ® = 0 for all above-mentioned obstacles.
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